We prove that the crossed product of the CAR algebra M2oc by the shift is an inductive limit of homogeneous algebras over the circle with fibres full matrix algebras. As a consequence the crossed product has real rank zero, and 0 2 ~ 0 2 ® M2oc where 0 2 is the Cuntz algebra of order 2.
for all a, b E M2oo and hence the projection Ew onto the ~(a)-invaviant vectors in 1-lr is one-dimensional, where ur(a) is the canonical unitary operator implementing a in the trace representation, [BRl, Theorem 4.3.22] . It follows that the extension of a to 7rr(A)" is ergodic, [BRl, Theorem 4.3.20] , and thus this extension is outer.
We conclude that B has a unique trace state.
The main result of this paper is Bn :: Ef1 M[n,k) ® C(T) k=l where [n, k] E N, and mn is finite. In particular B has real rank zero.
Recall_ from [BP] that B is said to have real rank zero if for any x = x* E B and any c > 0 there exists a y = y* E B such that y has finite spectrum and llx-Yll <c. As soon as we have established that B is an inductive limit of finite direct sum of circle algebras, it follows from the uniqueness of the trace state that the projections in B trivially separate the trace states, and hence B has real rank zero by [BBEK, Theorem 1.3] or [BDR, Theorem 2] . Thus the last statement in Theorem 1.1 is a consequence of the first. We will prove the first statement in Section 5. As corollaries of Proposition 4.1, established in the course of the proof, we also deduce Corollary [Ell] , [Su] to say more about the increasing sequence Bn· One may for example take and the embedding Bn ~ Bn+I to be 2 copies of the twice around embedding, [Bla2] . This is seen as follows:
We first compute the K-theory of B. By the Pimsner-Voiculescu exact 6-term sequence, the K-groups of Bare given by [Bla 1, 10 Next note that Ko(B) as an ordered group with order unit is the dyadic rationals with positive cone equal to the non-negative dyadic numbers and order unit equal to 1. This is because the positive cone in A is contained in the positive cone in B. Assume that x belongs to the positive cone in K 0 (B), and that x # 0. As B is stably finite at most one of the elements x and -x will belong to the positive cone in K 0 (B), [Bla1] . We know also (from K1(A) = 0 and Pimsner-Voiculescu's exact sequence) that at least one of the elements x and -x belongs to the image of the positive cone in K0 (A) in K 0 (B). This shows that the positive cone in K 0 (B) is exactly the image of the positive cone in K 0 (A), which is identified with the non-negative dyadic numbers.
The K-theory of the inductive limit described in the beginning of this remark is given by: where the notation "{3 ® um" is self explanatory.
Since we may choose this 8 after m, we may make 8m as small as we want, and as 
Quasifree automorphisms and the shift
If 1-l is a separable infinite-dimensional Hilbert space with inner product (, ), the algebra A= M 2 oo can be described as the universal C* -algebra generated by operators a (f), f E 1-l, (e~:>)~. for the k'th tensor factor of A= ® M2 can be given by
and there are k factors ( ~ ~ 1 ) . Conversely
where there are k -1 factors ( ~ ~ 1 ) .
If Vis any isometry on 11., V defines a *-morphism of A by
(and this is a *-automorphism if V is unitary, called a quasi-free or Bogoliubov automorphism). In particular, let f3 be the morphism defined by the one-sided shift:
We call f3 the one-sided quasi-free shift. On the other hand, let a be the usual one-sided shift on A:
Let ' Y be the quasi-free automorphism defined by
Define an element x E A to be even if -y(x) = x and odd if -y(x) = -x. Thus the *-algebra Ae of even elements is the closure of the set of polynomials in a(!), a(!)* with an even number of creators or annihilators in each constituent monor¢al. Using the expression of a(fk) in terms of the e~;>'s, one now easily computes
In particular we deduce 
relatively to some tensor product decomposition of B, such that
Remark 4.2 Once this is true for the one-sided shift a it is also trivially true for the two-sided shift. 
Furthermore, shifting the ek's sufficiently far to the right and changing each ek by a small amount we may assume k=0,1,···,n. Now, one checks that the operators ak defined by [Voi, Lemma 3.3) to prove that Adu o a is an almost inductive limit automorphism.
Divisibility of M2oo Xa Z
In this section we will prove Corollary 1.2, i.e.
To this end we will combine Proposition 4.1 with a special case of a result in [BKR): 
To 
The Cuntz algebra 0 2
Recall from [Cun] that 0 2 is the universal C*-algebra generated by two operators 8 1,82 satisfying the relations
We will prove Corollary 1.3, i.e.
Recall from [Cun] as one may verify by direct computation, or by noting that E is a solution of the braid relation:
